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Abstract

We consider several ways of how one could classify the various types of soliton
solutions related to multicomponent nonlinear evolution equations which are
solvable by the inverse scattering method for the generalized Zakharov—Shabat
system related to a simple Lie algebra g. In doing so we make use of
the fundamental analytic solutions, the Zakharov—Shabat dressing procedure,
the reduction technique and other tools characteristic for that method. The
multicomponent solitons are characterized by several important factors: the
subalgebras of g and the way these subalgebras are embedded in g, the
dimension of the corresponding eigensubspaces of the Lax operator L, as well
as by additional constraints imposed by reductions.

PACS numbers: 05.45.Yv, 02.30.Zz, 02.20.Sv, 02.30.1k

1. Introduction

Since the time when the inverse scattering transform was invented the number of integrable
nonlinear evolution equations (NLEE) has been increasing significantly [1-3]. There exist
different approaches in analyzing these equations: constructing the spectral theory of the so-
called recursion operators from Lax scattering operators, studying whether there exist higher
order integrals of motion and so on.

Along with the number of integrable equations the diversity of ‘species’ of soliton solutions
has bloomed up: breathers, topological solitons, trapons, boomerons, etc. Thus the analogous
problem of classifying solutions to nonlinear evolution equations and soliton solutions, in
particular, becomes more and more important. It is our opinion that the mentioned problem
is still waiting for its solution. Even for some of the best known NLEE such as the N-wave
equations, the multicomponent nonlinear Schrédinger equations, multicomponent modified
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KdV equations, etc only the simplest types of soliton solutions are known. Our aim is to
outline several criteria for the classification of the soliton solutions.

We use the term ‘soliton solution’ as a special solution to a given NLEE which is solvable
by the inverse scattering method [1-3], i.e. it allows a zero curvature representation

[L(A), M(M)] =0, (D

where L(A) and M ()) are two linear differential operators. In what follows we take them to
be first-order matrix differential operators,

Ly(x,t,A) =10, +U(x, t, )Y (x,t, L),
My (x,t, X)) =10, + V(x,t, )Y (x, 1, 1).

The soliton solutions are related to a set of several discrete eigenvalues of the Lax operator
L. Therefore one first has to describe all configurations of discrete eigenvalues of L, see [4].
The next step in classifying the types of one-soliton solutions is related to the study of their
internal degrees of freedom.

In order to make the problem not too difficult we will specify L to be the operator for the
generalized Zakharov—Shabat system

L)y (x, 2) = 109 + (q(x) — A)Y(x, 2) =0,

where we take the potential an g (x, 7) to be an n x n matrix-valued smooth function of x
tending to zero sufficiently rapid as x — £oo. We also restrict J to be a real constant diagonal
matrix with different eigenvalues.

For simplicity we consider the class of Lax operators of Zakharov—Shabat type in most
cases with real-valued J. In doing this we will be using the dressing method [5-7], one of
the best known methods for constructing reflectionless potentials and soliton solutions. This
paper is intended as a natural continuation of the work [8] published several years ago by two
of the authors.

In section 2, we outline preliminary facts about the generalized Zakharov—Shabat systems
related to the sl (n) algebras. We also review the basic facts for the s/(2) soliton solutions, and
especially the topological and the breather solutions.

In section 3, we treat the different types of one-soliton solutions for the s/(n) Zakharov—
Shabat systems starting with n = 3. Along with the well-known soliton solutions obtained by
Zakharov and Manakov [9] and Kaup [10] we show that the 3-wave equations with a Z, x Z,
symmetry allow doublet and quadruplet soliton solutions (analogies to the topological and
breather solutions mentioned above). Next we analyze N-wave equations related to sl(n)
algebra with n = 5; of course nearly all formulae can easily be generalized for any n. Here we
use generic projectors of rank s > 1 and explain why it is enough to consider only s < [r/2]
where [n/2] is the entire part of n/2. We also demonstrate that using special choices for the
polarization vectors defining the projector we can get one-soliton solutions g;s(x, t) taking
values in a subalgebra of s/(n). The simplest nontrivial type of solitons can be related to the
subalgebra s/(2); we call them typical s/(2) solitons. Our next observation is that the s/(2)
subalgebra can be embedded in several different inequivalent ways into s/(5). For example
we can embed a spin J representation of s/(2), J < 2 into sl(5); we call them spin J s1(2)
solitons. The corresponding construction is done by using the corresponding symmetrized
tensor products of the s/(2) dressing factor. The next step is to consider typical s/(3) and si(4)
solitons. Of course, like for the s/(3) algebra, using additional Z,-symmetries one can obtain
N-wave-type equations allowing doublet and quadruplet solitons.

In section 4, we analyze the structure of the eigenfunctions of L(A) corresponding to the
different types of solitons.
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In section 5, we discuss the effects of several types of reductions [11] on the different
types of one-soliton solutions. The first Z,-reduction does not affect the spectral parameter A
and is produced using the exterior automorphism of s/(5). Its effect is that now g(x, ) — AJ
takes values in the subalgebra so(5) C sI(5). Here we briefly recall the soliton solutions of
the so(5) 4-wave equations we derived in [12]. Next we apply an additional pair of Z, x Z,
reductions we obtain a 4-wave system allowing doublet and quadruplet solutions. At the end
of this section we analyze the NLEE related to the symmetric spaces [13—15] of BD.I type; the
corresponding J in the Lax pair is dual to the vector e; in the root space. One easily checks that
for such J the N-wave equations become linear. However there are multicomponent mKdV-
type equations which may be called vector mKdV equations. Such equations have been shown
to possess higher symmetries and have been related to Jordan algebras [16]. The simplest
nontrivial example is a three-component mKdV related to the algebra so(5). We apply an
additional Z,-reduction on it using an automorphism related to a specific Weyl reflection and
obtain a two-component vector mKdV which to the best of our knowledge is new. We end the
section by deriving for it the doublet and quadruplet solutions.

In section 6 we summarize our results and discuss their possible generalizations. In the
appendices, we collect some technical details about the symmetric spaces of BD.I type and
about the spin J representations of s/(2).

2. Preliminaries

2.1. The generalized Zakharov—Shabat system related to sl(n)

In this section, we shall outline some basic features of the mathematical machinery we are
about to use for the classification of soliton solutions.

Integrability or more precisely S-integrability of a NLEE means that the NLEE can be
presented as a zero curvature condition

(L), M(M)] =0 2)

of two first-order linear matrix differential operators L(A) and M (1) of the form

Ly(x,t,A) = ({0 +U(x, t, )Y (x,t,A) =0, 3)
My (x,1,2) = ({9 +V(x, 1, )Y (x,1,2) = Y (x, 1, 1)CA). “4)
The potentials U (x, ¢, A) and V (x, ¢, A) are typically chosen as elements of some semisimple

Lie algebra g (the fundamental solutions ¥ (x, ¢, A) belong to the corresponding Lie group G).
We shall mainly deal with the algebra s/(n).

Remark 1. The compatibility condition (2) means that the Lax operators L and M possess the
same eigenfunctions. The matrix C (1) depends on the definition of Jost solutions.

Since the compatibility condition (2) must hold true identically with respect to A one can
verify that
i0,V —i U +[U(x,t,1), V(x,t,A)] =0 5)

and it is valid for any choice of C (). For simplicity we shall restrict our considerations on
scattering operators of the Zakharov—Shabat type (GZS)

L)Y (x,t,A) = (10, +q(x,t) —A))Y(x,t,A) =0. (6)

The matrix J is a real traceless diagonal matrix, i.e. a real Cartan element of s/(n), while
q(x, t) is a matrix with zero diagonal elements. Since J is a real matrix one can introduce an
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ordering of its elements J; > J, > --- > J,. By carrying out a gauge transformation which
commutes with J, we can always take g(x, ¢) to be of the form g(x,t) = [J, Q(x, )], i.e.
qjj = 0. The linear subspace in s/(n) of matrix-valued functions g(x,t) = [J, Q(x, )] is
known in the literature to be the co-adjoint orbit of g passing through J. The co-adjoint orbits
can be supplied in a natural way with a non-degenerate symplectic structure which makes
them natural choices for the phase spaces M ; of the corresponding NLEE.

The class of NLEE related to L(}) are systems of equations for the multicomponent
functions Q(x, t), which may be written in the compact form [9, 10, 17, 18]

4
19,0 +2) A‘[Hi, Qx,] =0, @

k=1
where Hy, tr Hy = 0 are constant diagonal matrices and f(A) = )", _, A\ H, is the dispersion
law of the NLEE. Here and below we define

_ st
ks =y
for all X € My, i.e. X3 = 0. The operator A is either one of the recursion operators A,
acting on the space M, of n x n off-diagonal matrix-valued functions as follows:

(ad ; X)is = ([, XDis = Uk — J9) Xxs, (ad;'X) (8)

5 X
AsX = ad)! (iaxx + Polg. X1+1 Y _[Q. Eisl / dy tr([Q. X1, Ek,k)> . ©)
k=1 +o0
where P is the projector ad;ladj(Ek,k)jl = 0g,y0y,. Choosing H, = I = diag(/, ..., I,) #
1, so that the dispersion law f (1) = —A[ is alinear function of A we get a system, generalizing
the well-known N-wave equation
ilJ, 9 —ill, Q.1 = [/, Q1. [, Q11 =0, (10)

which contains N = n(n — 1) complex-valued functions Q;;(x, t).

In order to describe the soliton solutions we shall use the so-called dressing procedure
[7]. For that purpose we need some basic facts on the direct scattering problem for L.

Let ¥4 (x, t, A) are two fundamental solutions of the GZS system (6). If they satisfy the
requirement
lHm Yy(x, 7, 1)e™* =1 (11)
—*o00

X

they shall be called Jost solutions. The Jost solutions are interrelated via
Vo (x, 1, A) = Yu(x, 1, )T (1, 1), 12)

where T (¢, A) is called a scattering matrix. The scattering matrix is x-independent and its time
evolution is driven by the linear equation

i,T+[f(A), T1=0 = T(t, 1) =/ P70, 1) e VP (13)

Equation (13) shows how one can recover the time evolution of the scattering data. It is used
to solve Cauchy’s problem for NLEE as it is displayed below,

gt =0)— Lt =0) > T(t =0) > T(t) > L(t) — q(t). (14)

Due to this we shall skip the -dependence of all functions (potentials, fundamental solutions,
etc) regarding them at a fixed moment ¢ = .

The set of matrix elements of 7' (1) must satisfy a number of relations. Indeed, they are
uniquely determined by Q(x), i.e. by n(n — 1) complex functions of x, so it seems natural
that there should not be more than n(n — 1) independent functions among 7;(A) for A on
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the real axis. Of course, 7'(A) must satisfy the ‘unitarity’ condition det 7'(A) = 1. The rest
of these relations follow from the analyticity properties of certain combinations of the matrix
elements of 7'(A). These analyticity properties must follow naturally from the corresponding
fundamental analytic solutions (FAS) x*(x, A).

The Jost solutions are well defined only for A € R, i.e. they do not have necessarily
analytic properties beyond the real axis. This can be easily seen if one reformulates the
problem (6) in terms of a Volterra-type integral equation

Eatr) = 141 [ dye O Vg(0E e, (15)
+o0

where £ (x, A) = ¥ (x, L) eit/x represents another set of fundamental solutions but this time

to the linear problem

105 (x, 1) +q(0)§(x, 1) — A[J,§(x, 1)] = 0.

It is easy to see that only the first and the last columns of ¥, (x,X) and ¥_(x, A) allow
analytic extensions in A off the real axis; generally the other columns do not have analyticity
properties. Nevertheless it is possible to introduce FAS [3, 19]. Taking into account the
ordering introduced above one is able to construct new fundamental solutions

5k1+i/ dy eMem O (ggEy (. 0, k<1,
Ereon=1 % (16)
i / dy e O (gEE) (v, 1), k>1
Foo

to possess analytic properties in the half planes C. of the spectral parameter. This definition
can be rewritten using the Gauss factors of the scattering matrix T
XA = Yo (x, DSTQ) = Y (x, VT (), a7

where T(A) = TTA)(ST(W) ! and x*(x, 1) = £5(x, A) e */*. The matrix elements of
T (A) and S* (A) can be expressed in terms of the minors of 7'(A). Here we note that their
diagonal elements can be given by

SO =mi_ 00, T =m0, (18)
T =m,_ (), S;G) =m,_;(), (19)
+ +

where my = m; = 1 and by m} (1) (resp. m; (1)) we have denoted the upper (resp. lower)
principal minors of 7 (i) of order k, e.g.,

1 2 ... k
mZ(A):{l 5 k}’ k=1,...,n (20)
_ n—k+1 n—k+2 ... n
mk()»)_{n—k+l n—k+2 ... n}T(/\)’ @D
Tiljl Ti1jz Tiljk
{i} l'.z lk} — det T;.Zjl Ti?jz T}?_jk ‘ 22)
JuoJz e Ik gy : : :
Tikjl Tika Tikjk

As a consequence of the analyticity of the FAS, it follows that the minors m;} (1) (resp.
m (A)) are analytic functions for A € C, (resp. for A € C_).
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One can construct the kernel of the resolvent of L(A) in terms of the FAS [17, 18] from
which it follows that the resolvent has poles for all k,f which happen to be zeroes of any of
the minors m;"(1). Therefore what we have now is that each of the minors m; (1) may be
considered to be an analog of the Evans function, and thus now, there is more than one Evans
function, with each Evans function in a one-to-one correspondence with one of the minors,
miE(h).

There exist different methods to solve a NLEE possessing a Lax representation: Gel fand—
Levitan—Marchenko integral equation, Hirota method, dressing method, etc. We shall use the
dressing Zakharov—Shabat method [7]. Let ¥y(x, A) be a fundamental solution of Zakharov—
Shabat’s system with a known potential Uy(x, 1) = go(x) — AJ. Consider a new function
Y(x,A) = u(x, M)Yo(x, X) which is a solution to Zakharov—Shabat’s problem with some
potential g(x) — A J to be found. This requires that u(x, 1) satisfies

i0cu + qu —ugo — A[J, u] = 0. (23)
The dressing procedure transforms the Jost solutions ¥+ o(x, 1), the scattering matrix Tp(A)

and the fundamental solution XSE (x, A) of the generalized Zakharov—Shabat system with a
potential Uy(x, A) in the following fashion:

Ya(x, &) = ulx, Nyeox, Mui' (), (24)
T(A) = us (W ToMu=' (), (25)
xR = ulx, D xg (e, MuZ' (). (26)

The normalizing factors uy(X) = lim,_, 1 u(x, A) ensures the proper asymptotics of the
dressed solutions 4 (x, A).

Our aim is by using the structure of the dressing factor to try to classify the soliton
solutions of NLEE. A classical ansatz [3] for u(x, A) is the following one:

A=At
u(x, 1) =1+ (@) —DP(x), W) == 27
where P is a projector (P> = P) which can be expressed via the fundamental analytic

solutions (FAS) and A* (resp. A7) is an arbitrary complex number in the upper (resp. lower)
half plane C, (resp. C_). After applying the dressing procedure A* become a pair of discrete
eigenvalues for the dressed Lax operator. The projector P(x) determines the corresponding
eigensubspaces—the rank s of P equals the dimension of the eigensubspaces. If we introduce
two sets, each containing s vectors

|n1),...,|ns); <m1|""7<ms|’

we can write P as follows:

s
P =" In)Mulmpl.  Map=(mglnp),  M=M" (28)
a,b=1
Obviously the two sets of vectors are the left and right eigenvectors of P, namely

Plng) = |ng), (mp|P = (mp|, (29)
foralla,b =1,...,s. In the simplest case when rank P = 1 it reads
[n(x)){m(x)]
P(x) = al 30
O = @) G0
where
In(x)) = xg (x, A no), (m(x)| = (mol(xg (x,A7)~" (31)
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By taking the limit A — oo in equation (23) we obtain an interrelation between the seed
solution gy and the new one

qg=qo+A" —ANH[J, P]. (32)

Thus starting from a known solution of the NLEE we can find another solution by simply
dressing it with some factor u(x, A). Animportant particular case is when go = 0. The dressed
solution is called a one-soliton solution. The fundamental analytic solution in the soliton case
is given by a plane wave Xoi (x, A) = exp(—irJx). Repeating the same procedure one derives
step by step the multisoliton solution of the corresponding NLEE, i.e.,

0—>qg"®—¢g>— . > g™, (33)

Many integrable equations correspond to Lax operators that obey some additional
symmetry conditions of algebraic nature. That is why it is worthwhile to outline some
aspects of the theory of such Lax operators.

Let an action of a discrete group G to be referred to as a reduction group be given on
the set of fundamental solutions to the generalized Zakharov—Shabat system (6) as follows:

V0 2) = Ky (x, kADK ™!, (34)

where k : C — C is a conformal map. This action yields another action on the potential in
the scattering operator L,

KU, kO)K™ ' =U(x, »). (35)

A common case is when Gg = Z,. Then the action of Z, might involve external
automorphisms of SL(n) as well,

Y, A) =K@ (x, ki )) K = KUT(x, ki Q)K"= -U(x, 1),  (36)
U(x,A) = Ky (x, ko(W)K ™! = KU*(x, ka(W)K ™' = =U(x, M. (37)

In particular, if Z; acts trivially on the complex plane of the spectral parameter, i.e. k = id,
then the symmetry condition (36) may restricts the potential U (x, 1) to a certain subalgebra of
sl(n). For example, suppose KT = Sof 3‘0 then U (x, 1) belongs to the orthogonal algebra®
so(n). The existence of a Z, reduction requires a modification of the dressing factor u(x, A)
as follows:

ux,A) =1+ (R)—DHPx)+ <L — 1) P(x), (38)
c(A)
where P (x) is a projector of rank 1,
@) m )] S pT et gl
P(x) = —(m(x)ln(x)) , P(x) =KSP (x)S; K. (39)
The projector itself can be expressed through the FAS x*(x, A),
[n(x)) = xg (x, A%)Ino), (m@)| = (mol(xg (x, A7)~ (40)

3 Here we use a slightly modified definition of the orthogonal algebras, see appendix A where the definition and the
explicit form of the matrix Sy are given.
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2.2. The Zakharov—Shabat system and sl(2) solitons

The best known examples of NLEE are related to the Zakharov—Shabat system which is
associated with the s/(2) algebra as follows:

Lw(x3 ts )") = (lax + q(-x7 t) - )LGS)\/[(X, ts )")’
_ 0 *
q(x,t) =q o, +q o_ = (q_ q0> ,
where o1 = (0] £ i02)/2 and o1, 0, and o3 are the Pauli matrices.
The class of NLEE for the functions qi(x, t) related to (41) can be written in the compact
form [20-22],
10309 +2f(A)g(x,1) =0, (42)

where f(A) is the dispersion law of the NLEE and A is one of the recursion operators, acting
on the space M, of off-diagonal matrix-valued functions as follows:

(41)

AsX = i (03, 8. X] + ;q(x) / dy tr(g(y). [o3. X(3)]). (43)
+o0

The simplest nontrivial example of NLEE is related to a dispersion law of the type
f (&) = —2A2. This is the nonlinear Schrodinger equation

igf +qt, +2(g"(x,1))*q (x,1) =0,
ig, —q., —2(@ (x,1))*q*(x,1) = 0.

Another well-known example is provided by a cubic dispersion law f (1) = 413, one gets the
system

(44)

a7 + 4 697 (g (x,1)gy =0,
4r +qe +6q (x,0)q"(x,1)q, =0,
directly linking to the Korteweg de Vries equation.
As we discussed in the previous section the scattering theory is based on introducing Jost
solutions of L(A), scattering matrix, fundamental solutions, etc. In the s/(2) case the Jost

solutions are 2 x 2 matrix-valued solutions defined by an analog of (11) where the matrix J
is simply substituted by o3. Then one introduces the scattering matrix 7' (A, t) by

(45)

10,0 = (e -onn = (10 TUE0) . ae
which is x-independent. The 7-dependence of the scattering matrix is driven by
i, T +[f(M)o3, T(A,1)] =0. (47)
Thus, if g* (x, t) satisfy the system of equations (42) we get
dat(h) =0, 10,65 () F2f(M)bE(L) = 0. (48)
The matrix elements of T (1, t) are not independent. They satisfy the ‘unitarity’ condition
detT(A) = a*a” + b*b~ = 1. Besides the diagonal elements a* and a~ allow analytic

extension with respect to A in the upper and lower complex A-plane respectively. In fact the
minimal set of scattering data which uniquely determines both the scattering matrix and the
corresponding potential g (x) consists of two types of variables: (i) the reflection coefficients
pT (L) = b*/a* defined for real A € R and (ii) a discrete set of scattering data including
the discrete eigenvalues A¥ € C. and the constants C;* which determine the norm of the
corresponding Jost solutions [23].

8



J. Phys. A: Math. Theor. 41 (2008) 315213 V S Gerdjikov et al

A simple analysis shows that the first column of i, allows analytic continuation in the
lower half plane of the spectral parameter while the last one in the upper half plane (for v_
the opposite holds true)

Vet = o ovlls v-Gn = [ty (49)
The superscripts =+ in the columns of the Jost solutions refer to their analyticity properties while
the subscripts & refer to different Jost solutions (with different limits of x). The fundamental
analytic solutions are constructed in the following manner:

Xt h) = vt vl X"t ) = |y vl (50)

The functions a*(A) = det x*(x, ) are known as the Evans functions [6, 24] of the
system L(1). Their importance comes from the fact that they are #-independent (see (48)), and
therefore they (or rather In a®) can be viewed as generating functionals of the (local) integrals
of motion. In addition it is known that their zeroes determine the discrete eigenvalues of L(A),

a*(rf) =0, A eCy a (1) =0, A eC_. (51)
One can define the soliton solutions of the NLEE as those for which p* (1) = 0 for all

A € R. Thus the soliton solutions of (42) are parametrized by the discrete eigenvalues and the
constants C;* whose 7-dependence is determined from

s dCE
ShooiShragici=o. fE=100) (52)

In fact we will analyze the various possible types of one-soliton solutions; in our case
they are determined by one pair of discrete eigenvalues A* € C. and one pair of norming
constants C*. Thus for (42) we get just one type of one-soliton solutions. In order to derive its
explicit form we shall use the dressing Zakharov—Shabat method [7]. In our case the dressing
factor u(x, ¢, 1) is given by a 2 x 2 matrix of the form (27) where P is a projector of rank 1
(see (30)). Then the following relations hold

Plne. ) = n(e.0),  InCxo) = (’“("’ ”) , (53)
ny(x,t)
(m(x, )| P(x,1) = (m(x, 1)l (m(x, )] = (m(x, 1), ma(x,0)). (54
The transmission coefficients are transformed by the dressing procedure as follows:
G =@y, ay =22 (55)
c(d)

The s1(2) analog of (32) reads

q(x, 1) = qo(x, ) = —(A" — A7)[o3, P(x, D)]. (56)
By applying the above formulae to properly chosen constant vectors |ny) and (mg| we can
construct the eigenvectors of P(x, t) and as a result, obtain P (x, t) explicitly. It then remains
only to insert it into (56) in order to obtain the corresponding potential g (x, t) explicitly. It
can be proved that the spectrum of L(A) will differ from the spectrum of Ly(X) only by an
additional pair of discrete eigenvalues located at A € C..

A pure soliton solution is obtained by assuming gy(x, t) = 0; as a result we have

e, 0) = e gy, (e, )] = (mo] €TI0,
1 e®olx,1) K2 e~ 1P,
Px,t) = -——FF——— D (x _ 57
(x. 1) 2 cosh ®g(x, 1) (é el®e.n) = Po(x.1) ) (57)

Do(x, 1) = —i(A" — A ) x +i(fr — )t —Inky,
Qx, ) =AW +A27)x = (f"+ [,
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where f* and the constants «; and « are given by

o, 1Mo, 1 no,1Mo,2
[F=r05,  a= = [ (58)
n,2Mo,2 no,2Mo, 1
Then the corresponding one-soliton solution takes the form

K2()\,+ _ )\._) e—i(b(x.t) K'2()\,+ _ )\’—) eiCD(x,l)

’ B , 1) = . 59
cosh ®q(x, 1) g (.0 kp cosh g (x, 1) (59)

g (x,1) =

Remark 2. The eigenvalues A* are two independent complex numbers; therefore, in the
denominator in (57) we get cosh of complex argument. This function vanishes whenever its
argument becomes equal to i(7w/2 + pm) for some integer p and the generic solitons of (42)
may have singularities for finite x and 7.

One way to avoid these singularities is to impose on the Zakharov—Shabat system an
involution, i.e. if we constrain the potential go(x, t) by

g(x,t) =q'(x,1), ie. g = (@) =ulx, 1. (60)

Such constraint reduces (42) to NLEE for the single function u(x, t); the second equation
of the system becomes consequence of the first one. As a result (44) becomes the NLS
equation

ity + tyy + 2lulu(x, 1) =0, (61)

while (45) goes into the MKdV-type equation

Uy + Uy +6lu(x, 1)u, =0, (62)
This involution imposes constraints on all the scattering data; in particular we have
at) = (@ ()", b*(h) = (b~ ()" (63)

From the first relation above we find that the zeroes of the functions a* (1) which are the
eigenvalues of Ly(X) must satisfy

A= (A7) = w+ i, C* = (CH, P(x,t) = Pi(x,1).  (64)

So now the one-soliton solution corresponds to a pair of eigenvalues which must be mutually
conjugated pairs.
As aresult we find that the expression for P (x, ) and the one for the one-soliton solution

simplifies to
1 ePoo(x,1) o =i®oi(x,1)
P(x, 1) = (ei<l>01(X,f) — oo (x,7)

2 cosh @y (x, t) e
nl
Doo(x, 1) = 2vx — 2ht —In | 3|,
Un)
oy (x, 1) = 2ux — 2gt — argng) +argng, (65)
where
AT =+ v, ff=g=+ih. (66)

Now both functions ®yy(x, t) and Py (x,t) become real valued. The denominator now
becomes cosh of real argument, so this soliton solution is regular function for all x and 7.
One can impose on go(x, ¢) a different involution

g(x,t) = —q'(x,1), ie. gt =—(@)* =ux,1). (67)

10
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However it is well known that under this involution the Zakharov—Shabat system L (1) becomes
equivalent to an eigenvalue problem

LY (x,t, L) =i030, ¥ +0o3q(x, )P (x,t, L) = AP (x,t, 1), (68)

where the operator L is a self-adjoint one, so its spectrum must be on the real A-axis. But the
continuous spectrum of £ fills up the whole real A-axis, which leaves no room for solitons.
Finally, the Zakharov—Shabat system can be restricted by a third involution, e.g.,

g(x, 1) =—q (x,1), ie. q"=—q " = —iw,. (69)
Such involution is compatible only with those NLEE whose dispersion law is odd function
f () = —f(—A). Therefore it cannot be applied to the NLS equation; applied to the MKdV
equation it gives

War + Wy + 6(wy (x, 1)) Wy = 0, (70)
which can be integrated ones with the result v = w,,
Ur + Uger +6(0(x, 1)) v, =0, (71)

i.e. we get the MKdV equation for the real-valued function v(x, ). It is well known also that
the NLEE with dispersion law f (1) = (22)~! can be explicitly derived under this reduction
and comes out to be the famous sine-Gordon equation [25]

Wy +sinCw(x, 1)) = 0. (72)

This second involution can be imposed together with the one in (60). The restrictions that
it imposes on the scattering data are as follows:

a*(x) = (a” ()", a*(h) = (a” (=1)). (73)

Now if A* is an eigenvalue of L(A) then (A*)*, —A* and —(A*)* must also be eigenvalues.
This means that we can have two configurations of eigenvalues:

(i) pairs of purely imaginary eigenvalues
M =iv = -0, AT =—iv=—0A")% (74)
(i) quadruplets of complex eigenvalues

AT=u+iv —(AH = —p +iv,
(75)
AT = —1iv, —(A7) = —pu —iv.

Thus we conclude, that the sine-Gordon and MKdV equations allow two types of solitons:
type 1 with purely imaginary pairs of eigenvalues and type 2 each corresponding to a quadruplet
of eigenvalues. Type 1 solitons are known also as topological solitons, or kinks (for details see
[2]). They are parametrized by two real parameters: v and |C*| so they have just one degree
of freedom corresponding to the uniform motion.

Type 2 solitons are known as the breathers and are parametrized by four real parameters:
w and v and the real and imaginary parts of C*. Therefore they have two degrees of freedom:
one corresponds to the uniform motion and the second one describes the internal degree of
freedom responsible for the ‘breathing’.

The purpose of presenting the above well-known facts in the above manner was simply to
make it clear that the structure, as well as the number of related parameters which determine
what different types of solitons can exist, depend strongly on the type of, and the number of,
different involutions that can be imposed on the system.
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3. The Generalized Zakharov-Shabat system and sl(n) solitons

3.1. N-wave system related to sl(3)

In this subsection, we start with the generic N-wave system related to s/(3) and analyze its
reductions. The one-soliton solutions for the generic case and for the typical reductions are
well known [9, 10]. Next we impose Z, and Z, x Z, reductions and derive the corresponding
one-soliton solutions. Below we will use a notation which exploits the root structure of s/(3),
namely Qy,k, n = 1, 2 stands for the component of Q associated with the root @ = ka| +na,
expanded over the simple roots «; = e; — e¢; and oy = e, — e3. Taking into account that
convention the generic N-wave system for s/(3) consists of six equations; the first three of
them are given by

i(Ji — J2) Qo — iy — [) Qo +3k011 057 =0, (76)
i(J;1 — J3) Q11 — il — 1) Q11,x —3kQ100Q01 =0, (77)
i(J2 — J3)Qo1,r —i(l2 — 3) Qo1,x + 3k Q15011 = 0; (78)

the other three equations are obtained from (76) by replacing J, < —Ji, Iy < —I; and
Oin < Q- We recall that Zi:l Ji =0, Zzzl Iy =0and k = J1 I, — I, J,. This system
can be solved via a standard dressing procedure [7, 9] with the dressing factor (27). The
one-soliton solution obtained that way is given by the following expressions:

P L
Qio(x, 1) = ——— e * D img 5,

(m|n)
AT A e
Onx,t) = i) e a0 1mo 3, (79
P U
Qoi(x,t) = i) e et By, omg 5,
where z, = J,x + It and
3
(mlny =y e ¥ ng jmy ;. (80)
=1

The expressions for the other three fields can be derived from these by executing the following
changes O, <> Qg €45 <> €74 % ng j <> mo .
Next we consider the typical Z, reductions of the type

KU (x, \DK[ ' =U@x, 2, = KJK =1, K\ Q'K ' = -0, (81)

where K| = diag(ey, e, €3), ejg = 1, is an element of the Cartan subgroup H C SL(3) which
represents an action of Z,. This results in reducing the number of independent fields since we
have

Oty = —€1€207y, O = —€a16 07, Qo1 = —€263 0y,

and therefore the number of equations reduces from 6 to 3 as follows:
i(J1 = 1) Qo — i1 — 1) Quox — 3ke263011 Q0 =0, (82)
i(J1 = J3) Qe —ith — B)Q11,x — 3kQ10Q01 =0, (83)
i(Jo — J3)Qo1,r —i(lx — I3) Qo1,x — 3ke1€207,011 = 0. (84)

12
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The discrete eigenvalues of Z,-reduced operator L are complex conjugated, i.e. A~ =
(A")* = p — iv and the polarization vectors are interrelated via |[n) = K|m)*. The one-
soliton solution in this case is

2jp eV @1+22)

Qio(x, 1) = K e MaTRIng eon (85)
I
2ive V2 .
Oux,n= ~ K e T, yesng 5, (86)
1
2ive vt .
Qo1 (x, 1) = _m e in(z2 Z3)n0,263n33. (87)
1

Remark 3. In general, the denominator (80) of the expressions for the one-soliton solution
can possesses zeros for some x and ¢, i.e. we have singular solitons. The same holds true
also for the 3-wave system with the typical involutions for which K # 1. This is directly
related to the well-known ‘blow-up’ instability [9]. For the typical involution with K| = 1
the corresponding denominator is a sum real-valued exponentials multiplied by some positive
factors which is always positive.

By imposing another Z, reduction on the potential U (x, A), namely
KU (x, =K, = —U(x, 1), Ky JTK; =1, K, 0"K; ' =0, (88)
where K, € H satisfies [K, K»] = 0 we obtain a Z, x Z,-reduced s/(3) N-wave system.
As a consequence we have a pair of purely imaginary eigenvalues A* = Ziv. Choosing
K, = K, = 1 we see that the three independent fields Qo(x, 1), Qo1 (x,t) and Qq;(x, t)

are purely imaginary while the polarization vector is real, |n)* = |n). After introducing new
variables

Qio(x, 1) =iqo(x, 1), Qoi(x, 1) =iqoi(x, 1), On(x, 1) =iqu(x, 1),

we derive a real 3-wave system for three real-valued fields
(J1 — 1)qio,r — (Iy = I)quo.x + 3kq11qo1 =0,
(J1 = B)qi — (I — B)qui.x — 3kqi0q01 = 0, (89)
(J2 = J3)qo1,r — (12 — B)qo1.x + 3kqi0q11 = 0.

Since the dressing factor must satisfy the conditions
(e, )7 = u(x, 1), (90)
@’ (e, =) =ulx, v, 1)

the projector P is real valued. In this case the discrete eigenvalues are purely imaginary, i.e.
A% = £iv. The one-soliton solution is

|n){n|

I
qp (x) = =20 Py (x), P = ; k#1.
(n|n)
Taking into account that |n) = e”/*|ng) we derive explicitly the following result:
a O(X t) _ 2v CV(ZH-ZZ)n(]’ln(),Z
1 ) - )
e2vzi n%,l + 62”2”(2),2 + 6_2"(31“2)11%.3
2ve "2ng 1ng3
qll(-x’t)z_ . - ) (92)
e2vzi ”(%,1 + ezvzzn(z).z + e—ZV(Z1+Zz)n%,3
2ue " ngang3
qoi(x, 1) = —

2071572 2v22 2 “2v(z1+z22)p2 -
e?ing | +e2ang ) +e 2 @talng o
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In the Z; x Z, case there exists another type of soliton solutions—these obtained by using
a dressing factor of the form

A=At
u(x, M) =1+ () —DHAx)+ (c(—k) — l) B(x), c(A) = T 93)
while its inverse reads
_l(x M =1+ (% — > Cx)+ (c(—=2) — 1)D(x). 94)

These solutions are associated with four discrete eigenvalues of the scattering operator L:
+1%. In this sense they may be called quadruplet solitons unlike the solutions (92) which
being associated with two eigenvalues =£iv represent doublet solitons. The dressing factor
(93) is Z, x Z; invariant if the conditions hold true
Ky (e, a) T KT = b, 95)
Ky (x, =A) 'Ky = u(x, A). (96)

Hence the following relations hold:
B =K K, A*K; 'K, C=KAK", D =KATK;", (97)
aswellas A~ = (A")* = u — iv.
The matrix-valued function A admits the decomposition
AX) = X(X)FT(x). (98)
By using the equality uu~"' = 1 one can prove that the factor X (x) can be expressed by F (x)
as follows:

1
X =———akK F*—b*'K,yF), 99
a2—|b|2(a I 2 F) 99)
where
. wFTK,F - T
a=F'KF, b=———", F7(x) = Fy (o (x, A7) (100)
w—iv

To find the one-soliton solution we take the limit A — oo in (23) and put gg = 0. Thus we
obtain the following formula:

0% = =AY (A+ K K A KoKy ji. J#k. (101)
Let K; = K, = 1. Then Q* = —Q and using the above notation we have for the one-soliton
solution:
3 vcos2or — @1 — ¢o + o)
Qi = ——flz Z ik { cos(Pr — ¢2) — P12t : (102)
[ + 12
’;
4v - v cosoy — ¢d1 — ¢3 + ¢o)
qu=——/is D S { cos(pr — p3) — il 2¢] 2¢3 il : (103)
i NATER Y
3
4v v cos(oy — ¢ — ¢z + ¢o)
Qo1 = ——f23 ) fi { cos(¢pr — ¢3) — =
AT = V4?2
3
A=a’—|b?= e w? Zf,fk +2Zf,3p[u2 +2v7 sin® (¢ — $,)] ¢ (104)
k=1 k<p
fik = |Foj Foxle"®), @i (x, 1) = pUzg + S, 8 = arg Fox,

where A" = i,/u? + v2el®,

14
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3.2. N-wave systems related to sl(n),n > 3

For the sake of simplicity and clarity below, most of our discussions will be restricted to the
case n = 5 and rank-1 projectors P. They also could easily be reformulated for any other
chosen value of n and for higher rank projectors. The corresponding Lax operator L(A) which
is a particular case of (3) with

L=1id,+U(x,t,A) =10, +[J, Q(x,1)] — AJ,
0 QOpr 0On Qu 0O
O 0 Oy Qu 0O
J = diag(Jy, Jo, 3, Js, Js), Qx,t)=|031 Qx»n 0 QO QO3
Oun QOp Qs 0 Qs
Os1 QOss QOs3 Os4 O

Furthermore, for definiteness we will assume that

trJ =0, Ji> > J;3 >0, 0> Jy > Js. (106)
The M-operator in the Lax representation for the N-wave equation (10) is given by
My (x,t,A) =i, ¢ + (I, Q(x, )] —ADY (x,t,A) = —A¥(x,t, M), (107)
where I = diag(/y, ..., Is) is a traceless matrix. The generic one-soliton solution can be
derived by using (32),

qg(x) = )\ILIEO)L(J —u(e, )Ju " x,0) = =0 = A, P(x)], (108)

with a generic projector P whose rank s can be bigger than 1,

P(x.t) =Y |na(x, )My n}(x, 1), Map(x, 1) = (n}(x, 0)|na(x, 1)),

a,b=1
Ing(x, 1)) = xg (x, 1, A)|no.q), (no,q|Solno.p) = 0.

Note that the set of s linearly independent polarization vectors |n;) determine the
corresponding eigensubspace of L. Such subspace can be defined either as the image of P
or as the kernel of the projector P = 1 — P which is defined by a complimentary set of n — s
polarization vectors. Therefore studying sl (n)-type Zakharov—Shabat systems it is enough to
analyze projectors of rank s < [n/2], where [n/2] is the entire part of n/2. Thus forn = 3 it
is enough to study rank-1 projectors, while for n = 5 one needs also rank-2 projectors.

For s = 2 we have two linearly independent polarization vectors |n,), a = 1, 2 and from
(109) we get

(109)

Plr.r) = — (In1(x, D)YMaafn] (x, )] = [na(x, )Mo} (x, 1)
det M
— n1 (e, D)Moy (n} (e, 0| + [na e, 0)Myi(nd(x, 1)),
det M(x,t) = My 1My, — M2 M, Map(x, 1) = (nl (x, )|y (x, 1)) (110)

Let first concentrate on rank-1 projectors, see (93) with

In(x)) = xg (x, A7)Ino), (m(x)| = (molxy (x,27). (111)

The polarization vectors |ng) and (mg| are constant 5-vectors. Thus these type of one-soliton
solutions is parametrized by:

(i) The discrete eigenvalues AT = pu* =+ iv*; u* determine the soliton velocity, v* determine
the amplitude.
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(ii) The ‘polarization’ vectors |ng), (mo| parametrize the internal degrees of freedom of the
soliton. Note that P (x) is invariant under the scaling of each of these vectors. Generically
each ‘polarization’ has five components, one of which can be fixed, say to 1. So each
‘polarization’ is determined by four independent complex parameters.

We have several options that will lead to different types of solitons:

(1) generic case when all components of |n() are non-vanishing;

(2) several special subcases when one (or several) of these components vanish. The
corresponding solitons will have different structures and properties.

For the generic choice of |ny) one finds
lim P(x,1) = Py, P, = Ey, P_ = En, (112)
x—to0
where the matrix Ej; has only one non-vanishing matrix element equal to 1 at position k, j,

i.e. (Exj)mp = Okm0jp. Therefore both the limiting values u(A) and their inverse #1+ () are
diagonal matrices

us(A) = diag(c(r), 1, 1,..., 1), u_() = diag(1, 1,..., 1, c(1). (113)

From (25) for n = 5 we have

T1;(A) = c(M)(Tp)1;(V), Jj=1,2,3,4 (114)
Tjs(A) = (To) js(A) [c (M), J=2,3,45;
T;;(A) = (Tp)i; (L), for all other values of i, j. (115)

This relation allows us to derive the interrelations between the Gauss factors of 7y(A) and
T (1). In particular we find for the principal minors of 7' (1),

my (L) = c(Mmg (1), mi (&) =mg, (M) /c(A), (116)
where mj (L) (resp. m, (1)) are the upper (resp. lower) principal minors of T'(1). Since
X(jt (x,t, A) are regular solutions of the RHP then mffk()») have no zeroes at all, but (116)
means all m,jf()») have a simple zero at A = AT,

The generic one-soliton solution then is obtained by taking x*(x, ¢, A) = exp(—iAJx).
As aresult we get

1 U

P(x, )i = ; —i(A*z—2 z.\-)’ 117

(P(x, 1))k G, t)no,kmo,. e 117)

k(x.t) =Y nopmo e AwED, (118)
p=1

2p(x, 1) = Jpx + Iyt g = =" = A7) (P(x, D)is, (119)

i.e. in all channels we have nontrivial waves. The number of internal degrees of freedom is
2(n — 1) = 8. Note that the denominator k(x, ) is a linear combination of exponentials with
complex arguments, so it could vanish for certain values of x, ¢. Thus the generic soliton (117)
in this case is a singular solution.

Next we impose on U (x, t, 1) the involution

KU (x,t, )K" = U(x,t, 1)), K = diag(ey, ..., ), (120)
with €; = 1. More specifically this means that
Kq'(x,n)K™" =q(x, 1), Kul(x,t, )K" =u""(x,1, 1), (121)

16
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and
AT=(00)T =iy, (mol = (K|no))'. (122)
Thus only |ng) is independent.
Then the one-soliton solution simplifies to

2iv(Jy — Jg i _—
qllg(x’ 1) = _Mexno kn("; , eV(Zk'fx.r) e*IM(Lk Zs)’ (123)
) krea(x, 1) o
krea(x, 1) = Y €plno | €50, (124)
p=1

The number of internal degrees of freedom now is n — 1 = 4. If one or more of ¢; are different,
then this reduced soliton may still have singularities. The singularities are absent only if all
€; are equal.

The analysis of solitons obtained with rank-2 projectors should go along the same lines.
It is lengthier than the one above and we may omit it. We just note that even with the canonical
reduction with K = 1 in (121), one cannot guarantee that det M > 0 for all x and ¢ (see (110))
which means that one may encounter singular solitons.

3.3. Typical sl(2) solitons

The finite-dimensional irreducible representations of the algebra s/(2) are labeled by their spin
J and have dimension 2J + 1; the spin J can take half-integer positive values. The simplest
representation with J = % is two dimensional and is known also as the typical representation of
s/(2). In this subsection, we will address first the simplest possibility when s/(2) is embedded
into s/(5) via its typical representation; we will call such solitons typical s/(2) solitons.

From now on we assume that the reduction (120) with €, = 1 holds. Here |ng ) has
only two non-vanishing components. We consider here three examples with n = 5 and three
different choices for the polarization vectors

no,1 0 no,1
0 no,2 no,2
@ Inoy=1] 0 |; (b) fng)=1 0 |; © Ingy=1] 0 |. (125)
0 no.4 0
no,s 0 0

In all these cases the corresponding one-soliton solutions g (x, ¢) are given by similar analytic
expressions, each having only two non-vanishing matrix elements
iv(J; — Ji) elfarg(ng j)—arg(no ) o =ip(Jj—Ji) (x+w jxt)

gix(x, 1) = (qjx(x, 1) = (126)

cosh[v(J; — J)(x + wjt) +1n|ng ;| — Injng ]’
where we recall that wj, = (I; — I;)/(J; — Ji), j < k. For case (a) we have j =1,k = 5;
incase (b): j =2,k =4andincase(c) j = 1 and k = 2.

The s/(2) soliton is very much like the NLS soliton (apart from the #-dependence); the
NLS soliton has only one internal degree of freedom.

The different choices for the polarization vector result in different asymptotics for the
projector Pj(x),

(@ lim P(x) = Eyj, lim P(x) = Ess,
x—00 X——00

(b) lim P(x) = Exn, lim P(x) = Eu, 127)
X—00 xX——00

() lim P(x) = Eyj, lim P(x) = E».
X—>00 X—>—00
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In case (a) the results for the limits of P (x) and for u4 (1) are the same as for the generic
case, see (112) and (113). As a consequence, such s/(2) solitons require the vanishing of all
Evans functions m,jf()») for A = AT, see (116).

In case (b) from (25) and from the appendices we get that such s/(2) soliton provides for
the vanishing of méc(k) and mf()n),

my () = c(M)mg (1), m3(A) = c(M)mg 5 (1),

my (1) =my,(W /e, my () =my () /e,
whereas mli(k) = m(j)fl(k) and mf(k) = m(ij(k) remain regular and do not have zeros at
A =A%
Likewise in case (c) we get that only m] (1) and m} (1) acquire zeroes,
my (k) = c(Mmg (1), my () =mg 4(1)/c(A), (129)
and all the other Evans functions m;(k) with j = 2,3,4, and m;(k) with p = 1, 2, 3 do not
have zeroes.

(128)

3.4. Higher spin J sl(2) solitons

Here we provide some examples of s/(2) soliton solutions which are embedded into sI(5)
via a higher (2J + 1)-dimensional representation of s/(2) which we call spin J sl(2) solitons.
Obviously for g >~ sI(5) the ‘spin’ of the solitons can take values J = 1, 3/2 and 2.

It is well known that spin J representation can be constructed using the completely
symmetrized tensor products of the typical 2 x 2 representation. The details of their derivations
are given in appendix B. Here we briefly formulate the results.

Before starting with to calculate symmetrized tensor products of the dressing factor we
have to make a slight modification so that it takes values in the group SL(2). Indeed, as it is
given by (27) and (65) one easily checks that detu(x, ) = c(A). Therefore we multiply it by
the constant 1/4/c(X) factor so that its determinant equals 1. Thus we can rewrite the dressing
factor for the typical s/(2) soliton in the form

1 -
ux,r) =+y/cA)Px)+ P(x), (130)
Ve
where P = 1 — P; in terms of the polarization vectors they take the form
p— 1 <n1m1 }’llmz) ’ P _ 1 < nom, —n1m2> ) (131)
nymy +nymy \Nnomy  npmy nimp +nomy, \—nomp  nim

After some calculations we get the following results for the higher spin dressing factors:

1
U =uou= c()»)nf” + 7153) + —ng),

c(A)
3/2
UY=u0udu =123:/27r, ‘el (), (132)

2
U =2=uuoudu= Z nl(S)cl(k).
I=—2

By uOu, u©uOu, etc we have denoted the completely symmetrized part of the corresponding
tensor powers of the dressing factor u(x, 1), the superscript k of U® denotes the dimension
2J + 1 of the representation. By =¥ we have denoted mutually orthogonal rank-1 projectors

k k

*) _ |N<5 )><M¢(z )

O _ s &
o (MPINS) P = 8,,m 0. (133)

a
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The explicit expressions for the vectors |N é“) and (M a(k)| in terms of n; and m ; are given in
appendix A. Here we just mention that

] = (s 134
where the matrices Sék)
k
D =DER, for k=2p+]1
k) _ ] s=0
S0 = Va2 (135)

Z (_l)k+l (ES(/ZH—x - Elilj-)l—s,s) for k= 2]7
=0

are the ones used to define the orthogonal algebras so(k).
All these properties of the projectors 7% allow us to rewrite the dressing factors in the
form

(k—1)/2
U®(x, 1) = exp <1nc(x) > (P —79)+ mg“) , (136)
s=1
for odd values of k and
(k—=1)/2
UP@ ) =exp|inck) Y (P —=%) (137)
s=1/2

for even values of k. It is important to note that due to (134) the differences 7 — 7% e so(k)
and also nék) € so(k).

Let us now outline how one can construct spin 3 /2 soliton of the N-wave equations related
to s/(5). First we have to embed the dressing factor U® which is a 4 x 4 matrix intoa 5 x 5
dressing factor. This can be done in several inequivalent ways, which reflects the fact that
the group SO (4) can be embedded into the group SL(5) in different ways. As first of them

we choose the following one. First we extend the four-component vectors |N£E")) into five-

component ones [N%®) = ((N®], O)T. We will need also the vector |es) = (0,0, 0,0, 7.
Then we can construct the 5 x 5 dressing factor

UD =79 73200 + 79,7120 + m{he 20 + w20, (138)
where
N((14) M,(14) N(4) M(4)
_ _ INO)MEY | = NIMG'| e (139)

TN

In order to calculate the corresponding soliton solution it remains to insert U® as u(x, 1)
into (108). For Q) = O the result will be

(Mg NG")

0 3¢" 0 0 0
V3¢~ 0 2q* 0 0
Q30 = 0 2q~ 0  V3¢* 0], (140)
0 0 V3¢~ 0 0
0 0 0 0 o0

where the functions g*(x, ) are given by (59).
It is natural to analyze the structure of the discrete eigenvalues A* corresponding to these
types of soliton solutions. The discrete eigenvalues of L are the zeroes of the principal minors
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mki (1) of the scattering matrix 7'(A). To this end we have to calculate the diagonal factors
D* (1) of the Gauss decomposition of T'(1). The result is

mi() = SWmf ), myR) = Qmg,(),

mi() = Mmiz ), mi) = mg,(0).
Comparing with (129) we conclude that going to higher representations of s/(2) leads to
multiple zeroes of some of the principle minors of 7'(A). Therefore the resolvent of L will
have poles of higher order at A*, though the residues at this points will be expressed by the
same polarization vectors as for the %-spin solitons. One consequence of this construction is

that the higher spin s/(2) solitons have the two degrees of freedom as the standard (spin %)
solitons.

(141)

3.5. Typical sl(3)-solitons

Here |np) has three non-vanishing components. We consider three examples of such
polarization vectors

no,1 0 0,1
0 no,2 no
(@ |no) =|nos3|, (b) [no) = | noz |, ©) Ino)=1]nos]|. (142)
0 no,4 0
no,s 0 0

Therefore the s/(3)-solitons have two internal degrees of freedom.
The asymptotics of the projector P (x) read as follows:

(@ lim P(x) = Eyj, lim P(x) = Ess,
X—00 X—>—00

() lim P(x) = En, lim P(x) = Eu, (143)
X—>00 X——00

(C) lim P(x) = Elly lim P(x) = E33.
X—00 X——00

Note that cases (a) and (b) in (143) coincide with the corresponding cases in (125).
Therefore the set of Evans functions that acquire zeroes will be the same as for the
corresponding s/(2) solitons. In case (c) of (143) we have

my(A) = c(Mmg (1), my(A) = c(M)mg (1),
my (A) = mg 4(X)/ch), my (&) = mg5(2)/c(h),
whereas the remaining Evans functions m}f()\) with j = 3, 4, and m, (A) with p = 1, 2 remain

regular.
In case (a) the corresponding one-soliton solutions acquire the form

(144)

0 0 g3 0 g5 0 O 0 0 O
0 0 0 0 0 0 q23 (24 0
@ ¢°=1]g5 0 0 0 gs], ® ¢*=[0 g5 0 qgu 0],
00 0 0 0 0 g5 g, 0 O
ais 0 g5 0 0 00 0 0 0
0 g g3 0 0 (145)
95, 0 g3 0 O
© ¢"=|a a5 0 0 0Of,
0 0 0 00
0 0 0 00
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where the matrix elements g, (x, t) are given by

Wy — Jy)e eIttty ke inti=Jo(ursh)

= — — — — 14
Gis (X, 1) 101 12 €20 4 |ng 3|2 €2 +0 4 |ng 5|2 200’ (146)
and
~ ~ ~ 71( + jf
Jy=Jr — (N1 + I3+ J5)/3, Iy =1L — (LT + 5+ 15)/3, Vs = 7T (147)
Kt L

This soliton has two internal degrees of freedom and is regular.
Obviously it is by now clear how one can write more complicated solitons like si(4)
which would be characterized by the polarization vectors of the form

no,1 no,1
no,2 no,2
(@ |no) = |nos|. (b) Ino) = | nos |, (148)
no,4 0
0 no,s

The sl(4)-solitons will have three internal degrees of freedom.

We note here that due to our choice of J in (106), sl(4)-solitons cannot give rise to
generalized eigenfunctions.

Of course one could try to embed s/(3) into g using one of its higher dimensional
representations. The algebra s/(3) has a second three-dimensional representation which is
obtained related to the typical one used above by an exterior automorphism. The corresponding
soliton solutions are obtained from those demonstrated above by a re-parameterization of
the polarization vectors. The next irreducible representation of s/(3) which is the adjoint
representation, has dimension 8, so it cannot be embedded into s/(5). Of course, considering
algebras g of rank high enough it is possible to embed subalgebras g using their non-typical
representations.

4. Eigenfunctions and eigensubspaces

The structure of these eigensubspaces and the corresponding solitons becomes more
complicated with the growth of 7.

In what follows we start with the generic case and split the ‘polarization’ vector into two
parts

no,1 0
no2 0
Ino) = Ipo) + Ido); |po) = | o3 |, ldo)=1 0 [, (149)
0 1.4
0 no,5

and therefore

In) = |p) +1d), 1p) = xg (x, A7) po), d) = xg (x, 2)|do)- (150)

This splitting is compatible with (106) and has the advantage: if xj(x, A*) = exp(—iA*Jx)
then |p) increases exponentially for x — oo and decreases exponentially for x — —oo;
|d) decreases exponentially for x — oo and increases exponentially for x — —oo, see also
lemma 1.
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What we will prove below is that one can take a special linear combination of the columns
of xg(x, A*) which decreases exponentially for both x — 00 and x — —o0. Doing this we
will use the fact that

X" (x, A% o) = (1 — P(x))x* (x, A)Ing) = (I — P(x))|n(x)) = 0. 51)

Lemma 1. The eigenfunctions of L provided by
Fr(x) = x"(x, A0 po) = —x"(x, AM)|do), (152)

decrease exponentially for both x — 0o and x — —o0.

Proof. From (151) and (149) there follows that both expressions for f*(x, ¢) coincide, so we
can use each of them to our advantage, see (152). We will use also the fact that 1 — P(x) is a
bounded function of x.

We start with

lim £5(x) = lim X" (x, A")|do) = (1 — P) lim e *"/*T~(x")|d), (153)
X—>00 xX—>00 X—>00

where T~ (A%) is the lower triangular matrix introduced in (17). If the potential is on finite
support or is reflectionless then T~ () is rational function well defined for A = A*. If
the potential is generic then T~ (1) does not allow analytic continuation off the real axis.
Nevertheless T~ (A*) can be understood as lower triangular constant matrix (generalizing
the constant Cj of the NLS case). Being lower triangular T~ (A*) maps |dy) onto
ldy) = Ty (A*)|do) which is again of the form (149), i.e. its first three components vanish.
Therefore

0
0
lim e’ f*(x) = lim (1 — P,)e"* 0 =0, (154)
xX—00 x—00 e_ix+14xn6’4
e—i}ﬁJ5xn6,5
for any constant a > 0 such thata + J; < O.
Likewise we can calculate the limit for x — —oo
im0 =~ lim_ x"*(x, A7) |po) = —(1 = P.) lim eS| po). (155)

The upper triangular matrix S*(A*) is treated analogously as T~ (A*). In the generic case it is
just an upper triangular constant matrix which maps | po) onto |pj) = S*(1*)|py) whose last
two components vanish. Therefore

e—'i)\+.l|xn61
e—l)»*szné).
lim e f*(x) = lim e (1 — P_)| e /py, | =0, (156)
X——00 X——00 ’
0
0
for any constant b < 0 such that J3 +b > 0.
The lemma is proved. |

For the choices (a) and (b) of |np) in (125) we define the square integrable discrete
eigenfunctions using the splitting (149) and (152).
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Remark 4. The choice (c) for |ng) does not allow for the splitting (149). In this case we can
introduce only generalized discrete eigenfunctions, f g, (x, #), which are not square integrable.
But upon multiplying by the exponential factor e™"* with ¢ = (J; + J»)/2, we can obtain
square integrable functions f(x) = fa,(x)e . See also the discussion in the following
subsection.

The generalized eigenfunctions come up in situations when the splitting (149) is not
possible, i.e. when either |pg) or |dp) vanish. Let us construct the generalized eigenfunction
for the polarization vector |ng) of case (c) in (142). Let (J; + J» + J3)/3 = d’; then
Ji=h—d,J;=J—adand J; = J3 —a aresuchthat J| > J; > Jyand J{+ J;+ J; = 0.
Let us assume for definiteness that J{ > J; > 0 and 0 > J;. Then we can split |ng) into

I’l(),l 0
I’l(),z 0
o) = |po) + Idy), lpo) =1 0 [, dg) = | nos |, (157)
0 0
0 0
and define
FH0) = x" 0, A pg) = —x"(x, A1) dy). (158)
Obviously f*'(x) is an eigenfunction of the dressed operator L corresponding to the eigenvalue
At

Then we can prove the following lemma.

Lemma 2. The eigenfunction f+'(x) is such that "> f+'(x) decreases exponentially for
both x — Fo0.

Proof. The proof is similar to the one of lemma 1 and we omit it. |

Since the polarization vector |ng) in case (c) of (142) does not allow the splitting (149)
the corresponding discrete eigenfunction will not be square integrable, so it will give rise to a
generalized eigenfunction.

5. Effects of reductions on soliton solutions

In this section, we analyze how different kinds of reductions affect the classification of the
soliton solutions to a nonlinear equation. This criterion is tightly connected with symmetries
imposed on the auxiliary linear problem (the zero curvature condition). We shall consider in the
next subsection types of solitons which differ from one another in the number of eigenvalues
associated with them: doublet solitons associated with two purely imaginary eigenvalues
AT = +iv and quadruplet solitons associated with four eigenvalues situated symmetrically
with respect to the real and the imaginary axis in C. This is the case when a Z; x Z, reduction
is in action. Such a type of reduction is compatible with the Lax representation of a NLEE to
have a dispersion law obeying f(—A) = — f(1). The N-wave equation is a typical example
of NLEE to admit a variety of Z, reductions [27] since fy_w(A) = —Al.

It is also possible to impose reductions that do not affect the spectral parameter. Thus,
imposing such reduction on the generalized ZSS related to the exterior automorphism of s/(n)
we can effectively reduce it to the generalized ZSS system for its subalgebras so(n) and to the
symmetric space of BD.I type.
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For further convenience we shall say that the matrix X belongs to the orthogonal algebra
so(n) if

X+8"x7sg" =0, Sy sy” =1, (159)

where S is defined by

n+l
Sg” =Y (=DEN, (160)
s=1
forn =2r +1 and
S(()n) = Z(_l)ﬁ-l (Es(,nrz+lfs + El(zr-i—)lfs,s) (161)
s=1

for n = 2r. With this definition of orthogonality the Cartan subalgebra generators are

represented by diagonal matrices. By Eg‘)) above we mean n X n matrix whose matrix
elements are (E)),. = 8,i8);.

In order to get the ZSS related to the symmetric space of BD.I type we have to specify
J = diag(1,0,...,0,—1) and take g(x,t) = [J, Q(x,t)] where Q(x,t) € so(n). In this
case the NLEE with linear dispersion law become trivial. However, one can consider NLEE
with quadratic and cubic dispersion laws which are multicomponent generalizations of NLS

and mKdV equations respectively.

5.1. N-wave system related to so(5)

From now on we shall focus our attention on a N-wave equation related to the so(5) algebra.
The corresponding Lax pair is given by (3), (4) where

U(-xa t, )‘) = [Jv Q(-xs t)] - )"]s V(.x, tv)") = [Is Q(-xvt)] - )"17
J = dlag(-’]a J27 0’ _J2a _Jl)a I = dlag(ll7 125 07 _127 _11)7

(162)

and Q(x,t) is a function taking values in so(5). This algebra has two simple roots
o] = e;—ep, Ay = ey, and two more positive roots: aj+ay = ej and o) +20) = €1+€2 = Umax-
When they come as indices, e.g. in Q, we will replace them by sequences of two integers:

o — kn if « = ko; + nay. Moreover, we are going to use the auxiliary notation
kn = —koa; — nap. Thus the N-wave system itself consists of eight equations. Half of
them read

i(J1 — ) Q0. (x, 1) —i(l1 — ) Qrox(x, 1) +kQ11(x, 1) Qp7(x, 1) = 0,
1J1011,(x, 1) =11 Q11x(x, 1) — k(Q10Q01 — Q1207 (x, 1) =0,
i(J1+ 1) Q1. (x, 1) —il1 + ) Q125 (x, 1) —kQ11(x, 1) Qo1 (x, 1) =0,
1001, (x, 1) — il Qo1+ (x, 1) + k(Q17012 + O15011) (x, 1) =0,

(163)

where k := J; I, — J, 1, is a constant describing the wave interaction. The other four equations
can be derived from those above by using the formal transformation Qy, <> Qz;. One is able
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to integrate the system by applying the already discussed ideas—dressing method, etc. For
that purpose we make use of the dressing factor (38). The one-soliton solution reads

At o
—i(ATz1—A"z ATza—A"z
Oiolx,t) = W(C W= 2)ng ymo o + €T ng 4mg s),
AT — At - o
—irATz —ik
Onx,t) = i) (€™ “ng,imo 3 — e “ngzmg s),
- +
- itz z Szt
Onx, 1) = i) (a2 ymo 4 + e EDng mg ), (164)
- +
_ _ —iAtzy —il"z2
Ooi(x, 1) = i) (e noMo3 + € n0,3M0,4),
5
(m|n) = Z eii(pi}r)zkno,kmo,k, 2 = Jkx + Iit, k=1,2.
=1

The other four field can be formally constructed by doing the following transformation:

Oin < O e MU 5 et no,j <> Mo, j.

For the typical Z, reduction (120) of course we must choose Ky = diag(ey, €2, 1, €2, €1) €
SO(5) where ¢, = £1. As aresult J and I become real valued and KOQTKO_l =—-0,ie,
Q15 = —€1€207y, Q7 = —€16207,, O =—€ 07, 051 = —€2001-

(165)

The corresponding 4-wave system takes the form

i(J1 = J2) Q0. (x, ) —i(ly — 1) Qo (x, 1) — ke Q11(x, 1) Qg (x, 1) = 0,
iJ1011,(x, 1) =il Q1 (x, 1) —k(Q10Q01 +€01205)(x, 1) =0,

i1 +2) Q12 (x, 1) —i(l1 + B) Qrox(x, 1) —kQ11(x, 1) Qor (x, 1) =0,
12001, (x, 1) =i, Qo1.x(x, 1) — ke (Q], Q12 + €07, 011)(x, 1) = 0.

The particular case €; = €, = 1 occurs in Raman scattering [28].
The corresponding one-soliton solution is obtained from (164) imposing At = (A7)* =
wu+1iv and |mg) = Kolng). Here we just note that

(166)

) 2,0 2 - 2,2 2 2
(mln) = e (€™ ng1 |~ + e ng s|%) + €2(e™ " |ng 2|~ + €™ |no 4|°) + Ino 3|~ (167)

Taking €; = €; = 1 we find that (m|n) is positive for all x and 7. If €e; = —1 the product
(m|n) may vanish for finite x and ¢, i.e. the corresponding soliton is singular.

5.2. Z, reduction related to Weyl group elements

Here we consider several Z, reductions related to Weyl group elements. The first one is of the
type

K\ U*WHK; ' = -U®) = KiQ'K;'=0, K\J'K['=—J, (168)
where K corresponds to the Weyl reflection S, _,,

0 -1 0 0 O

-1 0 0 0 O

Ki=]10 0 1 00 (169)
0O 0 0 01
0O 0 o010
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This reduction leads to the requirements J, = —J{, I, = —I for J and I respectively, and
the following ones for Q,
O15 = Qo Qo1 = =07y, 01, = —0un, Ot = — 071 05 =01

The Z, reduced integrable system consists of the following five equations for three
complex Q1o, @11, Q77 and two real fields Q1> = iqi2, 077 = iq73:

2J10Q10,0(x, 1) =21 0Q10.x(x, 1) — ko Q11 (x, 1) QF7(x, 1) = 0,

J1Qu1(x, 1) = L1 Q11 x(x, 1) +ko(Q10 Q) — 191207 (x, 1) = 0,
2011126 (x, 1) = 211 1Qua (x, 1) — kol Q11 (x, 1)]> =0, (170)
J1Q11,(x, 1) = 11 Q77 (x, 1) + ko( Q15077 — 1912 Q1) (x, 1) = 0,

2011 Q13,(x. 1) = 2111 Q13,, (. 1) — kol Qyr(x, N> =0,

where J; = Jo,1 +1J1,1, I1 = Ip,1 +1l;,; and the interaction constant ky = —ik is real.
Next we consider a Z, reduction of the type
KUIOHK ' =U®0) = KJ'K;'=1, K0'K,' = -0,
with K = S,,, i.e.,
1 0 0 0 O
00 0 10
K;=]1]0 0 -1 0 O 171)
01 0 00
00 0 01
Therefore we have the following relations:
]1*2]11 J2*=_~127 QEZ_QTZ’ QT:_QTOa
O = Q1> Qo1 = Qo Q;*l= Oor-

Thus we derive the following 5-wave system:

(J1 = ) Q0 (x, 1) = Iy — L) Qrox(x, 1) + ko O11(x, 1) Opy(x, 1) =0,

JiO1,:(x, 1) = L1 Q11 (x, 1) — ko(Q10Q01 — Q12051 (x, 1) =0,

(J1+2)Q12,(x, 1) = (I1 + L) Q2,5 (x, 1) — ko Q11(x, 1) Qo1 (x, 1) = 0, (172)
D Qo1 (x, 1) — L Qo1x(x, 1) +ko(Q7, Q12 — 01,011 (x, 1) =0,

D Q%1 (x, 1) — L Qg7 (x, 1) — ko(Q11 Q7 — Q1007 (x, 1) =0,

where ky = —ik is real.

The last two reductions requested complex valued J and I. As a result the direct and
inverse spectral problems for the corresponding Lax operator L become more complicated
[26]. In particular, the continuous spectrum of L fills up a bunch of lines in the complex
A-plane intersecting at the origin. The construction of the corresponding fundamental analytic
solutions and the dressing factors requires additional care and will be discussed elsewhere.

5.3. Reductions of MNLS-type systems related to so(5)

MNLS equations related to so(n +2) algebras have a Lax representation of the following type:
L=1d+q(x,t) —AJ, (173)
M =10, + Vo(x, 1) + Vi (x, OA — A2, (174)
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Vitx, 1) = q(x, 1), Vo(x, 1) = iad ;d.q + 5[ad ;q. q]. 175)

Here J is the element of the Cartan subalgebra of so(n) dual to e; and

0 qf 0
g=|p 0 soq |, J := H, = diag(1,0,...,0,—1), (176)
0 pTSO 0
where
212(6]2,---,Qn+1)T7 ﬁZ(pz,---7Pn+1)T-

Because of the specific choice of J these MNLS equations can be viewed as connected
with the BD.I symmetric space. In most of this section we will use the simplest case with
n = 3, though all results can be easily generalized for any rank of the algebra. The MNLS
system itself takes the form

ig2.0 + qoxx +293 P2 + 43 Pa +2q3q2p3 = 0, (177)
ig3.1 + 3.0x +202qap3 + 242 02q3 + 2434 pa + q3p3 = 0, (178)
iqas + Gaxx + 243 s+ 43 P2+ 293q4p3 = 0, (179)
ip2s — Paxx — 2P3G2 — P3qs — 2p3p2qs = 0, (180)
P31 — Paxx — 2P2Paq3 — 2P2q2p3 — 2pagaps — p3qs =0, (181)
P4 — Paxx — 2P3q4 — P3q2 — 2p3paqs = 0. (182)

Its one-soliton solution derived via dressing procedure reads

)‘«_ - )\+ i+ + ca— -
qr = T(e_'k Do mo g + (=1 e O Dpg ¢ img s), (183)
AT =AY e K _ir*(eat)
Pr = T(e noxmo,1 + (=1)"e 10,5M0,6—k) » (184)
where
4
A = 0TI Zﬂo.kmo,k S
=2

Consider a Z, reduction of the form
KU'(x, \"YK~' = U(x, 1), ie. Kq'K™'=gq, KJ*K ' =J. (185)

If J is real there are two inequivalent choices for K satisfying K JK ~! = J: the first one

is the typical reduction via an element of the Cartan subgroup, K| = diag(ey, €2, 1, €2, €;),

6]2,2 = 1; the second one is a reduction via a Weyl reflection S,,, see (171). The reductions

obtained with K| and K, respectively give

D2 = €16295, D3 = €143, D4 = €1€245; (186)
P2 =4q;, ps = —4q5, Pa=q;. (187)

The former Z, reduction leads to the following three-component system of NLS equation:

ig2,1 + qa.cx + 261 (210217 + 193112 + €1€2939F = 0, (188)
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1g3.1 + G300 +2€102G4q5 + €1262]qa|* +262]qal* + 1319 g3 = O, (189)
iga,; + qucx + 261 (€21q4]” + 19311 qa + €1629395 = 0. (190)

In order to integrate this system we apply the dressing procedure with the dressing factor (38).
Taking into account that in the reduced case we have the relations

AT=(00) =i, Imo) = Kilng), 191)

we find that its soliton solution is given by

—2iv _.
g = — e b= () e”(x’”’)ng,ln?;’z +€ e’”(x’”’)no,é;nf)j), (192)
—2iv —ip(x—vt) cv(x—ut) * —v(x—ut) *
qs = - e (e no1Ng3 — €1€ no3M 5), (193)
—2iv —ip(x—vt) v(x—ut) * —v(x—ut) *
qs = - e (eae no,1Mg 4+ €10 10,274 5) (194)
A = e ng [+ e(Inoal’ +Inoal®) + Ino s> + e e ng s, (195)
2 2
2 —
v TH w=—2u. (196)
n
The latter reduction gives rise to another inequivalent system of three NLS equations
62,0 + @0 + 200205 — @31 Daz + 43qs =0, (197)
13,0 + @300 — 2929495 + 24245 + 29495 — 1q317)q3 = 0, (198)
iqa. +qa e +2(qa95 = |g31")qa + 4395 = 0. (199)

Then we have the following one-soliton solution:

—2iv

¢ = X e—iﬂ(x—vz) (eu()c—ul)noqlna4 + e—v(x—ut)nOAnzk)’S)’ (200)
2iv —ip(x—vt) s v(x—ut) * —v(x—ut) *
q3 = K (S (e no, 1M 3 +e n0,3n0Y5), (201)
—2iv —ip(x—vt) (v (x—ut) * —v(x—ut) *
q4 = T (§] (C no,1ng o +e noyzno’s), (202)
2v(x— 2 2 —2v(x— 2
A =™ ng 1> + (noang 4 +nj noa) — Inosl> +e "7 ng 5| (203)
As in the previous example the polarization vectors are interrelated via (191) which in this
case reads
ne ., k=1,5
mox =1, k% _
(=Dng 64 k=273,4.

Next we consider a Z, x Z, reduction, which is a combination of reductions with K; and
K. This is possible only for €, = —1. Then

P24 = —€q; 4, 92 = —€2q4, P3=—q3, (204)
and we obtain the following two-component NLS system:

2.0 + @200 — 2@lq2* + 131 q2 + 305 = 0, (205)

i3+ @300 — (Ge2lqa|" +1931)q3 + 2€2(g2)°q5 = 0. (206)
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Its one-soliton solution takes the form

2iv .
g = _A e_w'(x_vt)62(6‘}()(_1”)710!1”3‘2 +C_U(X_ul)l’lo,2n35), 207)
2iv —ip(x—vt) rv(x—ut) * —v(x—ut) *
qs = N e (e no,1ng 3 +¢ no3M 5), (208)
A =" ng > = 2€alng2f* — Ingal* + 7 ng 5|, (209)
2 2
V2 —
v=2"F w=—2u, (210)
7

where we have made use of the following relations:

* —
ng s k=1,5
— _ X o __ ok —
Mok = | —€2Mgx = Mo ks k=24,
* —
—ng 3 k=3.

5.4. MMKAV equations on symmetric spaces of BD.I type

Multicomponent MKdYV related to so(n + 2) algebra possesses a Lax pair with the L operator
(173) and M-operator in the form

Myr(x, 1, 1) = 10,0 + (Volx, 1) + AVi(x, £) + A2 Va(x, 1) — D y(x, 1, 1),
Va(x, 1) = q(x, 1), Vi(x,t) = iad}'d.q + 1[ad} ' q, q(x, )], (211)

Vox, 1) = —07,q + 5[ad; g, [ad}'q, g (x, 1)]] +il3.q, q].
The corresponding MMKdV equations can be written down in compact form as
0,4 +83.q +3(P, @)8:G +3(3:4, P)G — 3(B:Gs04)s0P = 0, (212)
0P + 03P +3(P. 9 P +33: . @) P — 3 (3x psop) s0d = 0. (213)

Consider a Z; reduction of the type

uten = U, = p=gq" (214)
Then we obtain the reduced system of equations
0, + 33,4 +3191°0:4 +3(0:4. )G — 3 (3:4504) 504" = 0. (215)

Its one-soliton solution reads
—jp e~ in(x—ur—do)

_ v(x—vt—§&y) % k ,—v(x—vt—£&y)
U= osh @ — vt — &+ C " Gt(=De Ens3=t):
no,k ALl Inoxl?
= — k=2,...,n+1 czz—’, (216)
V1no,1llno 2l = 2Ino.1llno.ns2|
v:v2—3u2, u=3v2—y,2, 30:%, é(,:iln lno’"+2|,
Jz 2v ngal

provided we have fixed argng; = —argnp 4+ by using the natural U (1) symmetry of the
solution.

As a final example let us consider MKdV related to so(5) with a Z; reduction of the type
KU (=AHK'=U®0) = Kq'k'=gq, KJK'=—-1J. (217)
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We choose K = K( o W,, where

0 0 0 0 —1 0 0 0 0 —¢

01 0 0 0 0 & 0 0 0
w.=]0 0 -1 0 o], = kK=|l0 0 -1 0 o0 (218)

0 0 0 1 0 0 0 0 e O

-1 0 0 0 0 — 0 0 0 0

is the Weyl reflection with respect to the hyperplane orthogonal to e;. The following
interrelations hold true:

gs = —€16295, g3 = —€143, Ps = —€1€2D5, p3 = —€1p3. (219)
As a consequence of the reduction we have

A= =), Im) = K|n)", (220)
or

(5 =27, n) = SKn)", (m| = (m|"(SK)™". (221)

Applying another Z, reduction of the type

Ul=n=-Um. = ¢ =-q, (222)
we obtain that

A==, |m) = |n). (223)

The corresponding system of MKdV is

G20+ Qoxxx — 3(0203)x 03 + 361624305 G5, — 643925 = 0, (224)
B30+ @3 .xxx + 31621021705 — 3(92493)x42 — 3(4393)x45 — 343930 = 0, (225)
and is new to the best of our knowledge. Combining both reductions we again may have

two types of solitons. The doublet soliton corresponds to purely imaginary A* = =iv and
|n) = SK|n)* and is given by

iv eldo

_ (x—vt—§&) —v(x—vt—£&)
2= e’ o +e c4), 226
a4 €1 cosh2v(x — vt — &) +C ) (226)
2ives e sinhv(x — vt — &)
"~ e cosh2v(x —vr — &) +C
In 2¢; Re(ngonga) + |no.3)
8o = argnp, = argnos = —, leZ, c=22 (r02110.4) + 10,3 s (227)
2 2|ng,1l|n0,51
cf = —eicy, ¢, = —€xcy, ¢ = —c3, 5 = —€cs,

where ¢, v and &, coincide with those in the previous example when » = 2. From (219) it
follows that g3 is either real or purely imaginary valued function.

Yet another possibility to ensure compatibility of both Z, reductions is to modify the
dressing factor into

Ax,t) KSA*(x,1)SK  SA(x,1)S . KA*(x,1)K

u(x,t,A) =1+ , (228)
A— 2o A+AG A+ X A =25
which leads to the quadruplet soliton solution
q(x,1) =[J,A— KSA*SK — SAS + KA*K](x, 1). (229)
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In order to find it we have to calculate the matrix A(x, t). For that purpose it proves to be
convenient to decompose A into A = XF’, where X and F are rectangular matrices of rank
. H 3
s <rand iy = u+iv. It can be checked that F(x, 1) = el®o*+%)J ) Fy = const. In the
simplest s = 1 case for the factor X one can obtain the following:
a*F +bSKF*—cKF*

la|? + b? — c?

’

where

T 2 2 2
g F'F  |Fy 1Fos] _ Foa+ Fys+ Fyy

(cosh2(pr — igp) +Ca), Ca

2)\0 Ao B 2|F0,1F0,5|
FISKF) i|Fy,F 2Re(F,Fo4) + | Fosl?
_ . ) _ ilFo, 0’5|(cosh2¢R+Cb), C, = 0.2F0.4) + [ Fo 3] 7
2iv v 2| Fy,1 Fo sl
F'KF Fo.F, Fool2 = |Fo2+|Fyal?
c:( ) _ s 0‘5|(cos2¢1+CC), CC=| 021" — [Fo3|™+ [ Foal ’
21 w 2|Fo,1 Fos|
1 F arg F
¢R=v<x—vt——ln|0’ll), ¢1=M<x—ut— g0,5>’
2v |Fosl w

arg Fo 1 = —arg Fo 5.

Substituting this result into (229) and choosing €; = €; = 1 one derives

_ 2{/|FoaFopFoaFos

. _ _ . .
q2 P {a* cosh(¢g —igy ) — b(cosh (@g + i) + cosh (¢ — gy ))
— acosh (¢ +i¢]) + c(cosh (¢ +ig; ) — cosh (¢pg —igf))}, (230)
e 21y/1Fo.1 Fos| Im{(b + ¢) sinh(¢g + i¢r) — a* sinh(dg — i)} Fos, 231)

CalP+b? -2
where we have used the following notation:

L |Foal

$x = ¢r £+ 5 In——, ¢ = 1 +arg Fo . (232)
2 [Foal

6. Discussion and further studies

Here we shall outline some further topics which could be studied and which could lead to a
deeper understanding of these soliton properties.

The first obvious remark is that s/(n) contains as subalgebras also so(p) and sp(p)
subalgebras. So it will be interesting to specify the conditions under which L (}) has solitons
of type so(p) or sp(p).

The second remark of the same nature is that one can start with L()) related to any simple
Lie algebra g (e.g., so(n) or sp(n)). The analysis of soliton solutions for NLEE related to
such systems require deeper knowledge of Lie algebras and their representations.

The explicit form of the corresponding N-wave system related to these algebras has been
reported in [4, 5, 13], see also [29, 30]. What could be done is to analyze the structure of
its soliton solutions [29, 30] which are more involved, especially in the case when additional
reductions are imposed. The construction of the corresponding dressing factors is more
complicated, but one can expect that new interesting types of integrable cubic and quartic
interactions could be obtained.

Another important question is the study of solitons constructed by projectors of rank 2
and higher. Such solitons have been already used by Wadati et al [31] in describing BEC
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with hyperfine structure F' = 1. Now each soliton will be parameterized by two polarization
vectors; the corresponding eigensubspace will be two dimensional too. Among the various
types of rank-2 one-soliton solutions, there will be various possible configurations for the two
polarization vectors. An example of a dressing factor u(x, ¢, ) constructed by a projector of
second rank is the following one:

u(e,t, 1) =1+ (\/% — 1) Py + (/e = DPs.

Such type of a dressing factor was used in [32] to derive the soliton solutions to a
multicomponent Schrodinger equation relate to symplectic algebra sp(4).

It is known in general how the machinery, well understood for the AKNS system such
as Wronskian relations, expansions over ‘squared solutions’, etc can be generalized also for
these types of systems. The dressing method, after some modifications, can also be applied,
leading to the derivation of their soliton solutions.

An interesting problem is the study of how the different possible reductions (see, e.g.,
[29]) of these systems will influence the number of one-soliton types.

Soliton interactions for various different types of solitons of these systems also present
interesting problems. From the results known for the N-wave systems [9, 10] it is known that
new effects in soliton interaction, such as soliton decay and soliton fusion may arise.
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Appendix A. The orthogonal algebras and BD.I symmetric spaces

The definition of orthogonality used in equations (159)—(161) has the advantage that the Cartan
subalgebras can be represented by diagonal matrices.

It is well known that the two cases of odd and even n are substantially different. The
algebras so(2r + 1) are known as the B, series according to the Cartan classification [33].
Assuming that the reader is familiar with the basics of simple Lie algebras here we just
recall that the root systems of these algebras consist of A~ U A* where A~ = —A™* and
At ={e; ej,e;} with1 < i < j < r. We provide also the Cartan—Weyl basis of these
algebras in the typical (2r + 1)-dimensional representation

E,—., = E;j — SoE;iSo = E;,; — (1) E5;,

Eie, = E;; — SoEjiSo = E;; — (D' E,;,
’ i+r+1 (A1)

E, =Ei; 1 —SoEr+1iS0 = Ei 1 — (—1) E 7

He, = Ejj —SoEjjSo= Ejj— Ejj- o= E.

Each symmetric space is obtained by applying a Cartan involution. This involution
splits the group SO(2r + 1) into a subgroup SOR2r — 1) ® SO(2) and a factor space
SOQ2r+1)/SOQ2r — 1) ® SO(2). Effectively the system of positive roots is split into
A* = A} U A7, where the subsets of roots are defined as follows:

Af={eite;, e, 2<i<j<r}, AT ={eite;, e, 2<j<r}l. (A2
In fact A contains all positive roots that are orthogonal to e;, while A} contains all positive
roots that have scalar product equal to 1 with e;.
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Similarly one can consider the algebras so(2r) which are known as the D, series. Their
Cartan—Weyl basis in the typical 27-dimensional representation is given by

E,—; = Ejj — SoE;iSo = E;,; — (1) E5;,
Eeve; = Ej5 — SoE7;S0 = — (=D'™E;;,

H,;, = Ejj — SoEjjSo = Ejj— Ejj- E_o=E,.

(A.3)

The corresponding symmetric space is SO(2r +2)/SO(2r) ® SO(2). The system of
positive roots is split into A* = A§ U A}, where

Aj={eite;, 2<i<j<r}, AT ={eite;, 2<j<r) (A.4)

Again A} contains all positive roots that are orthogonal to e;, while AT contains all positive
roots that have scalar product equal to 1 with e;.

Appendix B. Higher spin representations of sl(2)

Here we construct the s/(2) dressing factor (130) for higher spin representation of s/(2). This
we do by using completely symmetric tensor powers of u.
Using the way how u acts on basic vectors ¢;,i = 1,2 in C,

uey = uj1€e; +ujer, uey; = ujpe; + uxne;. (Bl)

The normalized basis in the completely symmetrized tensor product of C* © C? is given by

€ =¢e ey, € = %(ez®el+el®ez), ea=e6Q®e. (B2)
Since u(x, t, A) belongs to the group SL(2) it must act on the basic elements as follows:
UP(x, 1) (e; ® ej) = (ue;) ® (ue;). (B.3)
Thus we obtain the following representation for the dressing factor for spin-1 representation
“%1 V2uyup M%z
UP =u0u=|2ujuy upun+upnuy  ~2unup |- (B.4)
u3, V2uyu, U3,

Now we have to insert the expressions for u;; in terms of ¢y, n; and m; and thus we derive

1
UP =u®u=c n(%)+n()+ n(31), (B.5)
(4]
where the projectors ,,a = —1, 0, 1 are all rank-1 projectors of the form
NONMS N(3) M(3) NOWYNG
O RO 1 S 1 i 5o

TR v

where (MIG)INIG)) = (MSS) |N(§3)> ( (3)|N(3)) (min| + mony)?

")

n? m3 V2myn,
|N1(3))= V2 | |N£31))= «/_mlmz , ’N53))= nomy, —nym |,
n% 1 _\/zn2ml
M = (o Vamums ). (M3 = (2~ ), ®

(Mé3)| = (V2nymy, nomy — nymy, —v/2nimy).
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Similarly the normalized basis in the completely symmetrized tensor products of
C? © C* © C? is given by

€=e1 Qe ey, € = \/%(61 RerR@er+e1R@er®ei+e, e Qey),
(B.8)
G=pFeaRa®atala®@atra@ande G=e®e®e.
Therefore the dressing factor obtains the form
”?1 ﬁu%lulz \/gunu%z ufz
U@ — V3ubua uluny + 2ununpuy  ulauag + 2ununy  V3udun (B.9)
VBupul,  upud +2unusuy  unud, + 2unuauy  N3upui,
”%1 ﬁu%luzz \/§u21u%2 “32
It can be decomposed into
4 4 30 4 4 4) 32
U()znig/zc / +rr£1)/2c 172 +rr1(/;c/ +n3(/;c/ (B.10)
where
NOY @
@ = M =-3/2,-1/2,1/2,3/2. (B.11)

a = <M§4)|N6§4))’
The (co) vectors | N®) ((m,]) are given by
‘N(3/2> (m3, —3m2my, N3mym?, _m?)r’
(M%), = (n3. —v3n3n1, v3nani, —nj)
‘N( 1/2> (fnlmz’mZ(nzmz —2nymy), mi(nymy — 2nymy), \/_nzml)T,
(M%) ] = (V3ngmy, na(namy = 2nim), ni(nimy = 2n5ms), /3nimy)
‘Nf?é) = (\/§n2m2’ —ni(nimy — 2nomy), na(nomy — 2nymy), —ﬁn%ml)T,
<M1(/2’ = (V3ram?, mi(nimy — 2namy), ma(namy — 2nymy), —/3nm3)
‘N3(‘/%> = (” ,V/3n} nz,«/_nlnz, ) ,
(Méj)z = (m3, ~3mma, v/3mim3, m3).
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